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e

AZEIX. BASETELNBEEEIHIICB YT
B IERRB but DILENEBETT %0 but I35 FEFER
RAE I CIRIL K IFFE X T & 7223, BUEEMIRERRIC
B BHEREIE T IcHE vy, 22T ¥
HEEY, B8, VEREFOZEE» S L
72261 tFDEERHZNRICT /) T— > a Y BTV, but
HiDSFERAME S TR T REN 93 5. RS but
R BN R T TR K, HEGR D BB AR g
MERL. AEHFEEOREICH G T2 2 e RS
MPITT B, F7o. FEASIER Lean DTEAIEERA &
DB EBL T, T 5 DOHIM BRI R R T v
TeEDIIIHIE L TWE0nEERT 5,

1 LIS

BEDOBRIELHR BT 2 IFH A 72 A,
ARG e BN EE A G DE N4 7Y v F
REMTHEINTED, HHEE DOERSMAENEE
EHOZEDHONTWS 1,2, XLNRILEEZ
T, BARHERIC B 1T 2 XEDBMR, Tb bk
BIfRZR A 5 2 id. MamOMiEPEMOIEL L
MR35 ETARAIRTH S [3,4,5l LL. B¥E
HIRERRC A OGEBI MR, FHESFEY: 2 & L
TEIZBWT TSN T IR o7,

BEERIAKEE T FRBERS ST (and, or, if) HERRIR
i (therefore, since, because) WA, REFH2R O E
WCHGT IR AR HWwsh s, 20
e b, i bur FFEFAICHEI T 5, 25 L%
MiEE - BARRBUL, HERSAEY (6, 7] 2 — 28R
DGR 8] TIhS MRS T&EH—Ji T
BOARIIREE 1T BT 2 JEam A R R B O % %2
I = RRZEEDWTHIH LD v, ZOR
DOfEIX. SEFNEMCE Y5, AHOEE)
JER b (autoformalization) S IEFE AL (informalization)
DIFFIZE o THEHETH A S [9, 10, 1],
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AT FIFE R R BEAEERRIC 381 % #ki
Fl but \ZHER R YT, P OARIF TN S %
LD — AL, bur DIEEEICDOWTT
T—arveaWmEiTo, WELLIEHO —ERIC
1. Lean IC X2 EARWREHZ NG $ %, ZHUuTkD
FEFMBEHY IR B R B B E HIHERR IS BV TR 7K
EEZ A S I L. BAFETE L NS
DAy HEIEAICHNY 7o R R AT 5,

2 F/)5r—>aYAF¥F—v

2.1 SRILDESZLH

AHEICE, FERNC BT 28005 bur D HIITH L
T, ZORENEEZRT 2HED I\ LVE2EAT 2,

2.1.1 FEASAIL

F $UIAEH 9 XU (P-Label) #3E A § %, i
but DB FE O CAERN 2 KB 2R LT
WENEPERXRBT 270D DTHDH, UTD
PrOOF, PROOF-NEG, META D 3 DD NI Z7 LD 5,

AEFHDOARBEWN R AT v T HTHWLR S
but 121X, Proor 7NV ENME T 5, 72 21X (1) T
WL but BIDRF % L EERAD RIS AR TERICR B
72, T D but \21% Proor 252 5,

(1) P-Label: Proor

[...] we can conclude thata € B. Buta ¢ B\ C,
so it follows that a € C. [12, p.111]

KRz, D2IREPDHETHEERL, ZI05H
-P % pur DHFHICIX. Proor-nec 53 %,

(2) P-Label: PROOF-NEG
Suppose x> +y = 13 and y # 4. Suppose x =
3. [...] But this contradicts the fact that y # 4.
Therefore x # 3. [12, p.104]

—/F CiEBHDHF THESCHEZ BN S 72DI1CH
WoHNDE but dH B, ZOBE. but iR IFTTH
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AEADZ Y ZED 53, BRL S N FEA T,
ZDEATD but HIFEHRTZ 2, ThoDHRNC
X MeTA RV ENET 5, HlZIX, LUFD 3)H
D but FilZ. B 5 2 ZAEH DIRFERIITZE L 720,
(3) P-Label: MeTa
A function f: w — A forwhich f(n*) < f(n) (for
all n € w) is sometimes called a descending chain,
but this terminology should not be confused with

other uses made of the word “chain.” [13, Theorem
7B, p.173]

2.1.2 BERIANIL
YLZE I BT 2 B E bur DRI 2 DO FHER.
FtEE (contrast) & 4+ (exception) TH % [14, p.1310],
(4) John is tall but Paul is short. GER)

(f5144)

KEDICE > T, MR Abur BD 2 DODIH
DEKICNTL T2 2 %2RT, —/5T6) OHs
BIfRIZ. TBob ZFRWTREDR) WS T2 E
RLTWaY,

COXIBRAGHFH ST, bt X DEAINS
FREGEARITHT L Tld ContrAsT & Exceprion D 2 f
HOI Ve EZ, EHRZOELLIZHBERLAR
Wb DX NemaEr & DHT A2 8ICT 5, oD
5~V % B S AL (R-Label) & L3,

BUTRIZ ContrAST 7 “NJL ¥ EXCEPTION 7 “\JL O ff]
ZENEIURT,

(6) R-Label: CoNTRAST

If E had an element not in D, the complement of

(5) Everyone but Bob came.

such an element would be an upper bound of D
but not of E. [18, Lemma 1, p.61]

(7) R-Label: ExceptioN
This is the same as the pigeonhole principle, but
for an arbitrary finite set A instead of a natural
number. [13, Theorem 6C, p.135]

i (6) D but 1Z “of D” & “not of D” DR DLt % F
LTW3, —f. Bl (7)I2BT 3 bur 13, T~ZFE0N
Ty EWVWHEKRTHD, ZZTHEIZLTWSEE
BRI, but LR D 7% BRO TR 2 BE B (pigeonhole
principle) & [FIBRTH % Z & Z5HiH L TV 5,
1) FEEEHRIE LIE LIEE 5128825 (concession) Bk & & X7l
XAL[15,16]. PDTB-3.0 [171 X ZDXBIZHHALTW3, L
AL (17, p24] THIEWMI LTV & 51T, WELRGR Y 3

BIROXANEREHE 2 = 2 3% L, Lo TARD Y /77—
T a Y TIEERALTWARNY,
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FEF R R BEMIRERR I B W T, bur 1 F EI12%
iz 2 MEOHEDAMC S BAICHWSb NS, DIT
DHNZDOVTEZ LD,

(8) R-Label: NEITHER

Suppose —R. Suppose P. Since Pand P — (Q —
R), it follows that 0 — R. But then, since —R,

we can conclude —Q. Thus, P — —Q. Therefore
-R — (P — =Q). [12, p.110]

Z D but DHFRIZ. Contrast, Exceprion €5 & DR
RHRL TRV, ZDHIRICIEZERIICHILT 2
HHS., fINOBERDRHTIIETERY, 20D
%&. NemmuEr 7V %E 52 5,

T 2T AEBH T NV e BfR T LR, g s
AONDZEIRERL LS, L RIE (6)IXBT
% but DB, FEHOARER 2 —HCTH D, FEH
F L LTIE, Proor M5 XN 3B, RIS, (7)
@ iEenzh, GEH 7 XL LT, Men &
Proor DM 52 %,

22 EFOMMDT/T—>3>

20 FiITER LT NMITHZ T, bur DB
WZOWT, ZONELEEDENTY ) 77— 2
Y L7, BRRNCIE. SCHIZHN 2 KSCFOD But 13
INrmiaL & 7 AU Ly XX 2 /NSCFED but
i¥ MepiaL & 7 ROV L7z, 728 20 (D Q)
) IZHBIF B But 13 InmmiaL WX N3 —F. O
6). (2B 3 but 1 MepiaL IZFEEI NS,

F 7=, but then. but since 72 ¥ D but & S EEE
BUzoWTIE, 2D (B © but then) HEFDTT
JT7—=>ayl, HED but PEERHO—HTH
EDESI DLW B LI LT,

2.3 EBAO—-NZXEE

ARa—%, WY, L5, B #5FREL
FEAEWRR Y, EROEBICE 72055 6 ftOEE
£ 12,19, 13, 18,20, 21 ICEDOWTHERE L 7=, oh
LOHBEFICEETNSFAHD S B, 206 13472 <
b 1Ebut ZEATED. bur DFHBENT 261 1
THoTze —DODIEBHMNIC bur HMEREIHIR S 235
B EHBICAR D 5 RV EE D Y Th, BB,
2T — kXY MZENDS but IXEFTHR D 5 BRI
L. ilBHCHR T 23 00A%E27 /) T— a YRR
& L7z F72. although =2 however 75 ¥ DD ¥z -
SIS BISEE N & DD TR D o 12728,
AR TN % but DAIZRE LTz, [F8RDEK 2
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% 1: GEHZ L e BAfR T v 7 v R G

)V CONTRAST ExcepTION NEITHER &t
Proor 50 9 108 167
PROOF-NEG 6 0 44 50
META 13 6 23 42
aat 69 15 175 259

. BEEIFICBT B bur B EOAEHDOE L . but D
HRHEBEZ Db DTH 5,

77— a i, nEEOEMP LA E DO
6 HTHEMUT, BT /57— &2 X 2K HEE
LW RO OWTIX, &7/ 7T — XX 1
BRET, BRI XV EIE LT,

3 /5= arvoiER

3.1 INILDSHE

K LIWRT XD, bur DHBFI DK} (83.8%)
WZEERAATE (Proor % 7213 ProOF-NEG) (277 FH X 4L,
Meta FEX 162%TH o 7=, FFFHAZEONIR%Z R
% ¥ Proor (64.5%) 1% Proor-NEG (19.3%) % _E[A -
THED. but HIIFIENE L BFEZ T TR L, FERZ
ATt X B 2B THEBEICHOWONE Z B3 0h 5,

RIVIFBEBRINVDGHHRLTWVWS, CONTRAST
1% 26.7% (69 1), Exceprion 1% 5.8% (151f) TH -
7zo TEHITAREZ AL LT, NETHER & T NJUffIT &
NTHEHID 67.6% (175 1) & 28z b, ZDKRHE
g (152 ) XA A E (Proor F 7213 PROOF-NEG)
ThHolze TNHDOEHNX, BRI H5 %
RIEWS Db, UFTHRZ X512, GFHOEE
REE 2 RTHETD D, bur 23 RRI R B
FREIIC B W THE R 2K oS icTF 535 2 %
REL TV,

XHTORE L FEH Z Lo BIRIZD W T,
MERDR3ITE L D7 X 51T, SCH (Inrmian) 25 259
e 171 (66%) % 5, Z D% < PEEHHE
T®H o7 (Proor=106. Proor-NeG=44), —JF. X/
(MepiaL) D but 13 EICFEBHHETHW S LS, —
R Mera fid B o507,

HEALE L BRSO OWTIE, [ 4 5
AT L D1, HE (Inrmian) (XJEAEIETIZ NErmHER &
JIGLTED (151/171 = 88%). —F. X (MEDIAL)
& ContrAST ¥ 7213 ExceprioN ¥ 58 < & VT
% (64/88 =73%), XHHAD But \3F & U Takahilsak
& UTHERE L. 7z 2GEBAIX [ D BiltG %2 7R § Dot
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Uy XD but 13l % OFEBHR 7 v 7 NEBT D R
70t Ee b 2 23 & v S M R S iz,

BERIUTOWTIE, UTFO=2»KZEH SN
%o (1) but then 3 BHM L (52 1), FICHERASCAR
(ProoF: 35. Proor-nNeG: 17) 1IZHi4l, §XT NEITHER
& T ROUT STz (2) but since 1316 HHHERR S 41,
Z D% < B Proor WZJE L. HHZIRT 2 H#mX
Ty TEREATSHEBE LT, Nemuer & 0HIN
720 (3) but when 3 TH 2 Q) 2. FMATZD
MR 7 v TR 2 HiED A o/,

3.2 but DFZEDO TS SE

AREITIEZ. ProoF B X UL META 7 X)L DN T—
TavESmL, HHTAHEE TS ETS L
T, but DAFAHOHFTORENZ K DF LK ERT 5,

3.2.1 Proof IRIJL

Proor 7 ~NUMICBH U TR S N E U, bur H3XTEL
BIRLBIANBIfR Z R S 72T <, FEFHOEE R R
Ty T RERT 2DIEDODNTVWSE I TH 5,
Bl 20X (9) I2BWT, but 1IMKE Va € A(f(a) = g(a))
PEHAINGERZRLTED, —KNREHE 5
AONHHROBEHA E ZXAILTWS, &oTbur
WFRERRIC B 2 HERHEROET 2RI~ —H— L
LTHREL T2,

(9) P-Label: Proor, R-Label: NEITHER

Suppose Ya € A (f(a) = g(a)), and let (a, b) be
an arbitrary element of f. Then b = f(a). But
by our assumption f(a) = g(a), so b = g(a) and
therefore (a, b) € g. [12, Theorem 5.1.4, p.232]

E 512 Prook 7 NLD RIZ, but DRITEICAIGS
BLIRDY 77 7 RERE LT,

REDEA LUFOA (10) I2BWT, burld 2D
DATREME: S is empty” & “S is not empty” % ¥fbL X 1
2720k, BitoHhnzE B RREE 28
AT HHEDBRZZL TS,

(10) P-Label: Proor, R-Label: CoNTRAST

We hope that S is empty. But if not, then there is
aleastr € S. [13, Theorem 7D, p.183]

I DEFNIBEERD otherwise ¥ [R—HT 3 Z
EMTE, HERICBOWTHERIREPEAS NS 77
I f5 %2 527K LT\ %, Proor & CoNTRAST D] 5 D
Z BT SNFHBIOKETEZ DA T T VI
SEIN, TNHIBWTE bur HEFFHN T DM
& FB3ABNRBEZEAL TV,
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BRAGZXTYTDEA $5—20% 77 7R
but Y HIAZL W U EP NS AT v FREAL
TW2H DT, “But this is trivial” & W\ o 72 R IH2T X
CHwbIE, ZONFEITHEFMTD %23, FEBHIC
Y o THREMNCARRIRTH 5,

(11) P-Label: Proor, R-Label: NEITHER

We must show that card(V,,) = Np. But this is
clear, since V,, is the union of Ny finite sets of

increasing size. [13, Theorem 9J, p.252]

3.2.2 Meta SRNJL
Meta 7 LM 5 & 7= HHTlE, FEBHF O F
RLELEZZEAT S bur PWHARNICH SN 5,
2O LFERIZAN L CTHAFRHOZ 4 MIcIdZ L
RV, X A HmEEED b, K4 I1X. Mera
FrOLZDOWT L RDOH 77 7 RERHE LTz,
EROEM MUFo 2Dk, ZOH 72
7 AIZEF 5 but 1Z. FEINC & o TRDHY R HERR R
Ty TOINCH D ARy PRFEREEAT S,
(12) P-Label: Meta, R-Label: CoNTRAST
Clearly f is onto, since by definition all rational
numbers can be written as a fraction, but note that
f is not one-to-one. [12, Theorem 8.1.6, p. 458].
d=-ILDRE oV 777 A, AR ZR
[ THBIeERT) EWVoREKRDD, but
HiDFEHD I — N 2R T 2 HHIVEEN D, Zh
5DFHHIIHETITR VD, FEBHORFHMEZ S8 5
DITICHE L TW3BY,
(13) P-Label: Meta, R-Label: CoNTRAST
Obviously, at most one of the alternatives s C vy,
X =y,ory C x can hold, but we must prove that at
least one holds. [13, Theorem 5RA, p. 113-114]

3.3 Lean O HYAGSEEAIEE & D LLE

ZOHITIE, but \CEB L. HRASIEIC X 2
KAV FERA & Lean 12 X 2 M2 3R 2 HHiS S 5
Lean [ZECZHFEH O ERILITIA S HLW STV 3
FEFAXIRRTH 5 [22], A —RRAWZEFEN S [12]
DFEHD—ERIZIE, 23] 1I2BWTHET % Lean DEE
D5 EhTE D, AWETIZZAZFMT 3,

2) 33HITRZ X512, Lean I X 3R TIX show X% BH
RHNCEER T 2 Z e THEFHO I — L 2481 L. Az EmoD
LIEMTE D,

3) 23] OFARBEFATIE. BRSIEOIIC X b am Wi
BRI T4 7 ANAVHRTED, BASFHEDIH L EAN
ZFEE E OERICE L TW B,
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HARZFEDFERA & Lean DFERH & 3@ I IG L
TV X570l H2H (A ZSHD I L),
FREINZE, BASHEDAEH L Lean DFEHE @
BN IER I 2 AIEH R & IR WHIRTFEIEST 2 K TH
%5, BIZE, ROEMOAHZ R X5,

(14) Theorem. Suppose B is a set and F' is a family of

sets. If JF C Bthen F C P(B). [12, Example
3.3.5,p.124]

EARSEEDIX. (L) 225 (L7) D X 51,

(L1) Suppose |J F C B.

(L2) Let x be an arbitrary element of F.

(L3) Let y be an arbitrary element of x.

(L4) Since y € x and x € F, by the definition of | J F,
yelUF.

(L5) But then since | J F C B, y € B.

(L6) Since y was an arbitrary element of x, we can conclude
that x € B, so x € P(B).

(L7) But x was an arbitrary element of F, so this shows
that F C 9(B), as required.

Lean DGFEARIZ, LU R D@ D TH % [23, pp.40-43],

theorem Example_3_3_5 (U : Type) (B : Set U)

1

2 (F:Set (SetU)) : UeF S B—F S PB := by
3 assume h1 : Uo F & B

4 define

5 fix x : Set U

6 assume h2 : x € F

7 define

8 fixy : U

©

assume h3 : y € x

S

define at hi

apply h1 _

define

apply Exists.intro x _

show x € F Ay € x from And.intro h2 h3
done

abh wN =

Lean OFERHICEBIT % 14 1THICBWT, FERHDO H
B HFENGZ o0, FEBIEK T T 5, 1L4) 11X 1417
HIZRIE L TWB 2, (LS) MUBFEDITICEENET %
H DX, Lean DFEFHDHNCIZE TN TV, (L6)
& (L7) T, FEFHDFAR T S OEAL» 5. 2FFL
RIS 2 2T v TR STV 5,

4 HDHOHIC

AT TR, FEE M2 BUAREER I Bl % H26i
# but BRRIC, 7 T — a ryEITWV, ARG
B BEEE D LTz S, oot
DRI OFEIC b M 2R3 %, F72. W
U7zREHa — R 2 &2 JER L, AEFHO BEIE b
BIRAEIAIERZIRADICHZ HIE 3, BRSED
FERH ¥ Lean OJEAMIEEH & O LLEICOWTD X D
Rt d £z, SBROFED—D L Lz,
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A (I8

Al O—=/NZAD3¥HA
FOIWHER LI — 2D Y — ZDEE % TR
o aEBHEUX bur 3V 72 2 D 1 BB S ZEEHD
BreRL., MBRBUIEEHOH T O bur DISHIEL
TRDT,

£2: FHHI— 2D Y — ZDOGE

V—2 AERAZEL BRI
Velleman [12] 38 46
Halmos [18] 6 7
Partee [20] 20 27
Enderton [19] 41 46
Enderton [13] 56 74
Landman [21] 39 61
Total 206 261

A2 T7/)T—=>aviEROHHN
FBIFHTIHRE 2y XATOD bur DHE & FEH N
ABIUEBRT OLOMIGIZONWT, 3 &£4I1Z
EFNEIURT,

£ 3: FAEHZ Lk but DXXHTONLE © Initial 13X
D EUE, Medial lIXDOHFRB DN EZFRDT,

S~V Initial Medial &7

Proor 106 61 167
PROOF-NEG 44 6 50
META 21 21 42
it 171 88 259

R 4: BfRZ oL & but D XHT DAL E (Initial/Medial)

B ~)L  Initial Medial &3l
CONTRAST 19 50 69
ExcepTION 1 14 15
NEITHER 151 24 176
At 171 88 259

A.3 Lean ORZTNRYEERR & DD F¥HH

HASEEDIERA ¥ Lean DEERH & O XGRS L
BRNCIE & D LTWAHIEEIT S,

(15) Theorem. There is a unique set A such that for

— 1462 —

every set B, AUB = B.
p-157]
HASEOREE (L) 25 14) D X 5 i,
ZAUX, Proor 7L EAT G X7z but DFITH 5,
(L1) Existence: Clearly YVB(@ U B =
required property.
(L2) Uniqueness: Suppose YB(CUB = B) and VB(DUB =
B).
(L3) Applying the first of these assumptions to D we see

[12, Example 3.6.2,

B), so @ has the

that C U D = D, and applying the second to C we get
DucC-=_C.
(L4)Butclearly CUD =D UC,soC = D.

Lean D X3 2 EEBHIE. UTFD@E D TH 5 [23,
pp-83-871

theorem Example_3_6_2 (U : Type) : 3

I (A:SetU), V (B:SetU), AUB=8 := by
exists_unique °

-- Existence

apply Exists.intro @

show V (B : Set U), @ U B =B from empty_union
done *

-- Uniqueness

fix C : Set U; fix D : Set U

10 assume h1 : V (B : Set U), C UB
11 assume h2 : V (B : Set U), D U B
12 have h3 : ¢ U 1
13  have h4 : D U
14 showC—Dfom
15 calc C

CON O U ArwN =
i n
@ @

D h1 D
C h2 C

O o

h4.symm
union_comm D C

Uc:=h
Ubp:=
:= h3

<
mn o n
o0 o

Lean DT, £H A DFEAE L —EMERT /-
MIZT, exists_unique X7 T 4 72 HWS, ZDXRT
7 4 7 1% ExisTENcE & UNIQUENEss D D DS — k
ORI NS, Lean D 4-7 17 B 1 ExisTENCE 28—
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