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Abstract

Autoregressive LLMs often excel at relational tasks that
connect entities through relation words (e.g., father/son,
friend), yet it remains uncertain whether they actually in-
ternalize the underlying logical meaning of these relations,
such as symmetry and inversion. To investigate this, we
introduce a controlled, knowledge-graph-based synthetic
setup that renders text from symmetric and inverse triples,
trains GPT-style autoregressive models from scratch, and
tests memorization, logical inference, and in-context gen-
eralization to previously unseen entities. Our results reveal
an abrupt transition: with enough logic-relevant supervi-
sion, relational semantics emerge sharply even in shallow
models with only 2 to 3 layers, and stronger generalization

coincides with stable signals in intermediate layers.

1 Introduction

Autoregressive (AR) large language models (LLMs)
trained on web-scale data have delivered strong perfor-
mance on many NLP tasks, such as question answering,
information extraction, and reasoning [2, 3, 4, 5]. A
core requirement underlying these tasks is the capacity
to identify, encode, and operate over relations between
entities. However, it is still an open question whether
LLMs actually acquire the logical semantics conveyed
by relational words, or whether their apparent compe-
tence mainly comes from shallow textual co-occurrence
signals.

Relational words play a distinctive role in natural lan-

guage: in addition to connecting entities within a sentence,

This paper is a revised version of [1].
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Figure 1: Relational-word understanding in autoregres-
sive language models. Models can store symmetric and
inverse relational facts and answer forward-format logic
QA correctly. Moreover, both completion-based and QA-
based in-context tests on unseen entities show an abrupt
phase transition in performance once logic-relevant su-
pervision is adequate, suggesting that relational semantics

emerge at that point.

they can express abstract and systematic logical structure.
For example, some relations are symmetric (if A is a
friend of B, then B is a friend of A), whereas others
come in inverse pairs (if A is the father of B, then B
is the son of A). In knowledge graphs (KGs), these reg-
ularities are explicitly captured as relation properties and
function as a central organizing principle for relational rea-
soning [6, 7]. This leads to our research question: Can
auto-regressive language models memorize relational
facts and internalize the logical semantics of relational
words, and under what training conditions (e.g., data
and model scale) does this ability emerge?

Answering this question using standard web-scale pre-
trained LLMs is w. Relational words are often polysemous

and context-dependent, and uncontrolled pretraining data
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Figure 2: Overview of the KG-synthetic data generation framework, model training process, and evaluation detail.
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introduces the risk of contamination, making it difficult to 2 Metho dology
distinguish genuine logical generalization from memoriza-
tion [8].

To address these challenges, we propose a fully con-

This section defines our controlled experimental setup,
which shown in Figure 2.

trolled experimental framework based on synthetic corpora

] h 2.1 Controllable KG Synthetic Corpus
constructed from knowledge-graph triples that explicitly

encode relational properties such as symmetry and inver- We can refer to Figure 2 and Appendix B for the complete

sion. This framework enables a systematic examination details of how the synthetic dataset is constructed from the

of relational understanding under multiple evaluation set- knowledge graph.

tings. To examine question, under both cloze-style sen-

i , ) 2.2 Training Setup
tence completion and question answering.
Using our controlled framework, as shown in Figure 1, Inspired by [8, 9], we train GPT2-style AR LMs [10]

our main findings can be summarized as follows: from scratch. Pre-training is conducted on the com-

bined corpus of train and evaluation content. We con-
K =

N = num_train_samples, E = num_training_epochs,

1. Relational fact learning under autoregressive

trol four experimental variables: num_template,

training. We show that autoregressive LMs can mem-

orize relational facts during pretraining and answer

both memorize and logic questions, with memoriza- ~ and L = num_layers.

tion capacity increasing with model scale. After pre-training, we perform SFT [11] on the SFT

2. Emergence of relational semantics and generaliza-  COrPus (generated from train content only) to equip the

tion. We find that relational semantics emerge with model with question-answering capability. No experimen-

sufficient logic-bearing supervision, enabling gener- tal variables are introduced during SFT. More details about

alization to unseen entities. This emergence exhibits
a sharp phase transition from zero to near perfect as
training data increases, and can occur even in small,
shallow (2-3 layers) models.

3. Layer-wise correlates of relational generalization.
Through layer-wise analysis, we show that success-
ful relational generalization is associated with stable,
logic-relevant representations in intermediate layers.
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training setup see Appendix B.1.

2.3 Evaluation Setup

As shown in Figure 2, we evaluate models with three
complementary query sets: memorize QA queries facts
explicitly present in Evaluation content, i.e., Qpfem, t0 mea-
sure both memorization of pre-training text and basic QA

capability after SFT. Logic QA Qg evaluates whether
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Figure 3: Logic and ICL evaluation. (a) Vary E with
K, L, N fixed. (b) Vary K with N, L fixed.

the model can infer relational logic beyond memorization
by querying facts that are absent from Evaluation content
but logically implied by it. In-context learning (ICL) logic
QA Q. further tests whether the learned logic generalizes

to unseen entities that never appear in Pre-train corpus.
3 Experiment and Result

We test whether GPT2-style auto-regressive LMs can
learn the relational-word logical semantics inspired by
KGs, such as inversion (e.g., father/son) and symme-
try (e.g., friend).

3.1 Task Setting.

We ask three questions: (1) can the model learn the
relational-word logical semantics; (2) under what training
conditions (N, K, L, E) does this ability emerge; and (3)
how do models that succeed differ internally from those
that fail.

Task 1 (main sweeps). We use the same task setting
as in Result 1 (the same sweeps over E, K, N, and L), but
replace the evaluation with Qp gic, Qrer-c» and Qe -

Task 2 (small-L study).
model depth, we additionally evaluate shallow models with
L € {1,2,3}. Unless stated otherwise, we fix K = 10 and

sweep N, reporting both Qp ogic and Qe c-

To isolate the effect of

Task 3 (layer-wise analysis). For prompts in Q¢ .c
(e.g., “Ais the father of B. Bisthe sonof __ "), we extract, at
each layer /, the next-token logit, softmax probability, and
rank of the correct first token. We then compute layer-wise

means over 1,800 prompts.
3.2 Observations.

Task 1. Figure 3 (a, b) shows that for fixed L and N,
varying training epochs E or template count K yields a
consistent pattern: Q}j‘g’gi . and Q]Sj)[gnic rise with training and
reach stable peak accuracy above 95%, while both Qcy .
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and Qqcr..q remain near 0%.

In contrast, when sweeping data scale N with fixed L and
K (Figure 1 (a)), QE‘OVgi .and Qiﬁ;e decrease as N increases
and drop below 5% at N = 200,000. Meanwhile, in-
context performance improves nonlinearly: Qjcy..c exhibits
aclear phase transition when N exceeds 2,000, and Qcr g
shows a phase transition once N exceeds 20,000.

Figure 4 (a) further shows that increasing model depth
L (with fixed K and N) improves in-context performance:
Qicr-q (both inversion and symmetry) increases with L
and grows more slowly beyond L ~ 12. Notably, Qicr.c
improves sharply even for shallow models, reaching about
85% accuracy at L = 3 and around 10% at L = 1.

Task 2. Figure 4 (b, ¢, d) shows distinct behaviors
for shallow models. With L = 1, both Qo and Qicrc
are low. With L = 2, Qp o stays near 0% across N, but
Qqc1.-c exhibits a phase transition once N > 10,000 and
can rise to about 85%. With L = 3, Q. can be high at
N = 2,000 but decreases as N grows, and Q;¢y..c follows a
similar trend to the L = 2 case.

Task 3. Figure 5 shows layer-wise analysis for ICL
completion Qcr.c. When N = 2,000 (Figure 5 (a)), the
mean rank stays above ~ 125 until layer 8, improves at
layers 8—10, and then drops sharply at layers 11-12.

In contrast, when N = 10,000 and 20,000 (Figure 5 (b,
¢)), mean rank improves sharply starting around layer 5
and continues to improve, reaching near rank = 1 by layer
12; mean probability increases accordingly and approaches
100% at the final layer. Mean logits increase throughout
and end substantially higher than in the N = 2,000 setting.

3.3 Takeaway.

AR LMs can learn logical semantics of relational
word. Under appropriate training conditions, Q. and
Qicr-c exceed 95%, and Qycy o reaches ~85% and keeps
improving with larger N without a clear plateau, as shown
in Figure 1(a).

Relational semantics emerge with sufficient logic-
bearing supervision, enabling generalization to un-
seen entities. This emergence exhibits a sharp phase
transition from near-zero to near-perfect performance as
the training data increases (Figure 1(a)), and it can arise

even in small, shallow models with only 2-3 layers (Fig-
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Qic1..c accuracy coincides with an early improvement of Figure 6: Learning dynamics of Qp g4 and Qycy¢ across
the first-correct-token signal around layers 5-8, whereas training steps £ under fixed N, L, K, with panels showing
low-performing models show a delayed onset (around lay- early and later 30 training epochs.

ers 9-11) followed by a sharp final-layer degradation, as

.. . . for relational semantics in our setting, generalization can
indicated by the layer-wise rank and probability curves. &8

precede memorization.

3.4 Grokking of Relational Semantics.
4 Conclusion
Figure 6 shows how Qpogic and Qlcgin P change with
training steps E under fixed N = 20000, L = 12, and

K = 10. Panel(a) reveals a clear grokking transition:

We train AR LMs from scratch with KG-based synthetic
data to address question: Can AR LMs learn relational

. word logical semantics, and when? In our results, we ob-
Q%’C“]’__C and lecyin ¢ abruptly jump to near-perfect accuracy £

around E = 20. Notably, this ICL Logic QA generaliza-

tion, which is largely decoupled from direct memorization,

serve a sharp phase transition in which relational semantics
emerge with sufficient logic-bearing supervision, even in
emerges earlier than the improvement in memorization- sh.allow F2_3 layer.) models., and succe.ssful generalization
dependent Logic QA. This ordering contrasts with the stan- aligns with stable intermediate-layer signals.
dard characterization of grokking as delayed generalization

after memorization[12, 13, 14], and instead suggests that
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A Appendix
B Controllable KG Synthetic Cor-
pus

We construct a fully controllable synthetic corpus
grounded in a KG schema.

KG and Triple Generation As shown in Figure 2,
each KG triple is generated by independently sampling its
entities from uniform distributions. Person names take the
form [first,middle,last], where each part is sampled from
one of three disjoint pools of 100 synthetic tokens, yielding
up to 10° unique full names; job entities are sampled from
300 real-world occupations. Logic relations include (i)
inversion kinship pairs (e.g., father/son, husband/wife, un-
cle/niece) and (ii) symmetric relations (e.g., brother, friend,
spouse). The non-logic relation is (iii) a person—job rela-
tion.

We construct three graph types: Train Graphs contain all
relation types and include both directions for inversion and
symmetric relations plus job facts (7 triples per graph);
Evaluation Graphs remove the reverse facts (e.g., keep
“name#4 is the father of name#5” but drop “name#5 is the
son of name#4” ); ICL Graphs keep only person—person
relations and also remove reverse facts. Notably, names
are sampled independently across the three graph types, so
entity sets do not overlap.

Pre-train Corpus Construction Triples are in-
sufficient for training LLMs, so we verbalize each
triple into a natural-language sentence by randomly
choosing one of four surface formats. For instance,
(Name#l, father, Name#2) is rendered as “Name#]1 is the
father of Name#2.” For each KG, we sample K distinct
paragraph templates (num_template = K) by selecting
one format for each triple, which yields 47 possible real-
izations for Train Graphs (7 triples) and 4° for Evaluation
Graphs (5 triples). We then randomly shuffle the sentence
order within each paragraph.

This yields K templated paragraphs per graph. We then
generate the train content from N independently sampled
Train Graphs (denoted as num_train_samples = N). In
contrast, the evaluation set is fixed to 500 samples and does
not vary with the pre-train data size. Finally, the pre-train
corpus is constructed by combining training content and

evaluation content.
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SFT Corpus Construction After constructing the
synthetic KGs and the pre-training corpus (Figure 2), we
further build a supervised fine-tuning (SFT) corpus to en-
dow the model with question-answering capability. Specif-
ically, we generate QA pairs only from the train content of
the pre-training corpus. For each sentence derived from a
triple, we create a corresponding question and its answer;
for example, from “Name#1 is the father of Name#2” we
derive “Q: Who is the father of Name#2? A: Name#1.”
Notably, we do not construct any SFT QA data from the
evaluation content.

B.1 Training Setup

B.1.1 Model Architecture

We train a decoder-only, GPT-2—style model[10] from
scratch on our KG-based synthetic corpus, using the stan-
dard GPT-2 tokenizer. Except for experiments where we
vary the number of layers (L), we use a fixed architecture
with 12 layers, 12 attention heads, and a 768-dimensional
hidden size. On 8xA100 (40GB), training a model with
(N = 2000) and (K = 10) (about 2Million tokens) to its

best performance takes approximately 1.2 hours.

B.1.2 Hyperparameter

Pre-training. We use a batch size of 491,520 tokens
per iteration, a learning rate of (6x 10™#) with weight decay
0.1, cosine decay to a minimum learning rate of (6 X 1073),
and 500 warmup iterations. All models are trained in bf16
precision.

SFT. We fine-tune with standard supervised fine-
tuning [11], using a learning rate of (3 x 107>) and a batch
size of 32,768 tokens per iteration.

Inference. We generate outputs with temperature
(0.8) and (top_k=100).
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