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1. Axioms of Set Theory 5

The formulas of set theory are built up from the atomic formulas
x €y, r=y
by means of connectives
PAY, eV, Y, p— Y, pev
(conjunction, disjunction, negation, implication, equivalence), and quantifiers
Vz ¢, 3z .

In practice, we shall use in formulas other symbols, namely defined pred-
icates, operations, and constants, and even use formulas informally: but it
will be tacitly understood that each such formula can be written in a form
that only involves € and = as nonlogical symbols.

Concerning formulas with free variables, we adopt the notational conven-
tion that all free variables of a formula

e(ug, ..., uy)

are among uy, ..., u, (possibly some wu; are not free, or even do not occur,
in ). A formula without free variables is called a sentence.



Axioms of Zermelo-Fraenkel

1.1. Aziom of Extensionality. If X and Y have the same elements, then
X=Y.

1.2. Aziom of Pairing. For any a and b there erists a set {a,b} that
contains exactly a and b.

1.3. Aziom Schema of Separation. If P is a property (uith parameter p),
then for any X and p there exists a set Y = {u € X : P(u,p)} that contains
all those u € X that have property P.

1.4. Aziom of Union. For any X there enists a set Y = |J X, the union
of all elements of X.

1.5. Axiom of Power Set. For any X there exnists a set Y = P(X), the
set of all subsets of X.

1.6. Aziom of Infinity. There exists an infinite set.

1.7. Aziom Schema of Replacement. If a class I is a function, then for
any X there exists a set Y = F(X) = {F(x) : z € X}.

1.8. Awxiom of Regularity. Every nonempty set has an €-minimal element.

1.9. Aziom of Choice. Every family of nonempty sets has a choice func-
tion.

The theory with axioms 1.1-1.8 is the Zermelo-Fraenkel axiomatic set
theory ZF; ZFC denotes the theory ZF with the Axiom of Choice.
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